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Analysis of filament-wound sandwich pipe under internal
pressure
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Abstract—Using the classical laminated plate theory, a computer model has been developed to
investigate stresses and strains of thick-walled sandwich pipes under internal pressure. The sandwich
pipe is created using non-reinforced material for the core layer and an alternate-ply material for the
skin layers. Considering the complicated material properties of the skin layers reinforced by alternate-
ply composites, the analysis is based on treating typical sandwich pipes that are three-dimensional,
cylindrical, and orthotropic. The computer model conducts stress and strain analysis of sandwich pipe
with different winding angles. The optimum winding angles have been found to be in thrartge,

and the strength of the sandwich pipe has been found to decrease rapidly when the core layer modulus
is less than 20 GPa.

Keywords Orthotropic analysis; sandwich cylindrical pipe; internal pressure; alternate-ply material.

1. INTRODUCTION

Recently, there has been a growing interest in developing fiber-reinforced cylindri-
cal composite structures. As filament-wound pipes made of fiber-reinforced plas-
tics have many potential advantages over pipes made from conventional materials,
a number of investigations to characterize failure mechanisms of filament-wound
pipes have been conducted. For thin-walled cylindrical-pressure vessels with a ratio
of applied hoop-to-axial stress of two to one, an optimum winding angle ‘oivas
noted, and many experimental failure analyses were conducted for filament-wound
pipe with a 53-winding angle [1-4]. Rosenow [5] used the classical laminated
plate theory to predict the stress and strain response of pipes with winding angles
varying from 15 to 85, and he compared them with experimental results. A 55
winding angle was shown to be optimum for the hoop-to-axial stress ratio of two,
but the optimum angle had to be about 75 the case of pressure without axial
loading. Spencer and Hull [6] and Uemura and Fukunaga [7] have investigated,
respectively, the failure mechanism in CFRP and GFRP pipes wound at different
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winding angles. The maximum weepage stress was found to be arotindrisb
negative axial strains were observed within a range 6ft8%0C. Wild and Vick-

ers [8] have developed an analytical procedure based on the theory of orthotropic
cylindrical sheets and modeled both plane stress and plane strain states of cylindrical
sheets comprising a number of cylindrical sublayers, each of which is cylindrically
orthotropic. The optimum winding angle was shown to play an important part in
the design of filament-wound cylindrical shells.

Most previous studies on cylindrical fiber-reinforced composite structures have
focused on thin-walled cylindrical shells. However, only limited studies have been
published dealing with thick-walled cylindrical pipe behaviors [9—13]. Roy [9] pre-
sented a thermal stress analysis of a thick laminated ring assumed to be cylindrically
orthotropic. The analysis was based on treating the ring with orthotropic materials
in the state of plane stress in the hoop and axXial-} plane. Ben [10] has reported
an accurate, finite-cylindrical element method to obtain thermal stresses and the
deformation for thick-walled cylindrical pipes. In his work, the effects of thermal
residual stresses on the design of thick-walled FRP cylindrical pipes were discussed.
Ben did not consider axial loading of cylinders with closed ends in his mechanical
analyses of cylindrical pipes under internal pressure. In recent years, a finite ele-
ment method has become available for use in analyzing mechanical behaviors of
cylindrical fiber-reinforced composite structures [11, 12]. Kitao and Akiyama [13]
have analyzed and evaluated the progress of failure in thick-walled FW pipes with
different winding-angles under internal pressure. Using the finite Hankel transform
and the Laplace transform, the elastodynamic solution for the thermal shock stresses
in an orthotropic thick cylindrical shell has been reported by €hal. [14]. The
concept of an elastic—plastic stress field was predicted in a coated-continuous fibers
composite subjected to thermomechanical loading byéfal. [15].

Sandwich composite pipes, composed of two skin layers and a core layer, can
be suitably tailored to give optimum material properties by making effective use
of each material property in the moldings. There are few investigations on the
mechanical properties of sandwich pipes, and almost no literature reports on the
stress and the deformation analysis of sandwich composite pipes. We attempt to
provide an analytical foundation for the investigation of stress and deformation in
a filament-wound sandwich pipe under internal pressure. Especially, considering
the complicated material properties of the skin layers reinforced by alternate-ply
composites, our analysis is based on treating typical sandwich pipes that are three-
dimensional, cylindrical, and orthotropic. With our computer model, we conducted
stress and strain analysis of the sandwich pipe using different winding angles.

2. STRESS ANALYSIS

The sandwich pipe is created using non-reinforced materials for the core layer and
alternate-ply materials for the skin layers. The alternate-ply skin layers are those in
which the principal material directions of the adjacent layer have an opposite fiber
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orientation £0) with respect to the axial direction. The adjacent two lay-ups are
assumed here to behave together as an orthotropic unit. In this paper, the orthotropic
unit of the lay-up angle«0) is referred to as an orthotropic layer of angle
Figures 1 and 2 show the cylindrical coordinates and configuration notations for
the sandwich pipe.

2.1. Transformation from ply properties to laminate properties

Using the cylindrical coordinate system shown in Fig. 1, the stress and strain
transformation of the&th layer with the orthotropic alternate-ply material is given

by

(k) (k) (k)
oy Ciy Ci2 Ci3 e
o) = | Ci2 Cp2 (a3 €g . (1)
o Ciz Cz3 Cg3 &;

Based upon the classical laminated-plate theory, the mdiy in equation (1)
can be written as equation (2) by using the stiffness transformation matrix of the
coordinate system between the on-axis and the cylindrical axis shown in Fig. 3.

r - (k)
[Cas 1Y [m* n* 0 2n%2 0 0 4nZ? ] g
Cos m?n? m?n? 0 m*4+n* 0 0 —4m?n? ny
cs| | 0 0 0 0 m2a? 0 o )
Ca2 | n* m* 0 2m%? 0 0 4n%n? ny O
Cio 0 0 O 0 n? m? 0 sz
C11 0 0o 1 0 0 O 0 Iz
- - - - _Gzz_

wherem = cosf andn = sin@, andé is the cylindrical angle of the filaments from
the pipe axis.

Figure 1. Filament-wound sandwich pipe in cylindrical coordinates.
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Skin layer 3
Core layer 2 A
tC
Skin layer 1
T iy
A Ty [Ta
Po t. : Core thickness
t;: Skin thickness
r Io [Ty I =ry+t
=Tyt e+t
T, =T+ 2L+ ¢,
O— z

Figure 2. Cross-section of the sandwich pipe.

r,Z

(X, ¥,2) : Material principal coordinate system
(r, 8,z) : Cylindrical coordinate system

Figure 3. Relation of coordinate system between principal material axis and cylindrical axes.

2.2. 3D alternate-ply properties

To define the three-dimensional alternate-ply material properties, the material
modulus matrix elements;; (i, j = x,y,z) andG,; in equation (2) are needed.
Their values can be calculated from engineering constants, defined by

Ex, Ey, Eza ny, Vaxs vzy, Gxxa ny, Gzz
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For the most general case of orthotropic ply-oriented properties, these values
would have to be experimentally measured or estimated using micromechanics. For
unidirectional orientation fiber composites, the fiber distributions are very similar
in the y and z directions. Therefore, assuming transverse isotropy, and based on
equivalent properties in the—z plane for unidirectional material, we get

E, = E,
Gyy = G,
Vzx = Vyx,

wherex andy refer to material principal axes along fiber and transverse directions,
respectively.

The conversions of engineering constants to modulus matrix elements are ob-
tained from

A = 818y Sez + 285y Sy:Sez — SyySZ, — SunS2, — 82282

Xy’

Car = (SyySec = S2) /A, Cry = (SuzSy: — Sy Sz2) /A,
Cyy = (SexSee — S2) /A, Coz = (SiySyz — SezSyy) /A,
Coo = (SexSyy — Sﬁy) /A, Cy, = (SiySx; — SuexSy) /A, (3)
where
Sxx =1/Ey, Sy = —vy/Ex,
Syy = l/Ey’ Sz = —Vyx/Ex,
S..=1/E,, S,.,=—v,/E,. (4)

2.3. Analysis procedure
The equation of equilibrium with circular symmetry is obtained from

do® ok — g

—+ r = 0 5
dr r ©)
The radial and hoop strains{® ande(k) can be given in the radial displacement
u,
du® (k)
e® = L and e = (6)
ar r

The axial straing*’ of all layers are equal to a constasy,
The stresses®, 09("), ando® can be expressed in terms of strains from equation

(1), written as
k) _ (k) (k) (k) (k) (k)
Ur( = Cpp¢ 5 + Ciz6p + Crzco,
ogk) _ C(k) (k) C(k) (k) +C(k)

k k k k
o= e+ Rl + ey G
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Substituting the expressions for the stress in equation (5) and using equation (6),
we get
d?u® }duﬁ’” cgg / C(k) ® a®egg

uto = 2E0, ®)

dr? r dr r? r
WhereO{(k) — (Cékg) (k))/c(k)
WhencCyy/C) > 0, if g0 = /)| the solution for equation (8) can be

obtained under the following two conditions:
If B =£ 1 (anisotropic)

(k)
® _ k), B0 (k) —p® > &or
u,) =A"Yr"" + B%r + (B (9)

If B® =1 (isotropic or isotropic in-6(r) planer)

(k) Ol( )80}"
p

Whency/cfy) < 0,if p® = \/—cf /)

u® =A% coBY Inr) + BY sin(B® Inr) +

Inr +A®r 4+ B®/r, (10)

a®eor
1+ (B0)2’

here,A® andB® are unknown constants of integration, which are to be determined
from the boundary conditions and the contact conditions at each interface between
the core and skin layers.

Assuming the interfaces between the core and skin layers are perfectly bound, the
continuance of displacements and tractions along the interfaces and traction-free
boundary conditions provides a homogeneous equation.

The traction condition (pressurgy) at the inner surface and the traction-free
condition at the outer surface are written as

(11)

oD (ro) = —po,
Or(n)(ra) — 0’ (12)

whererg andr, are the inner and outer radii, respectively.
Continuity of transactions leads to

uﬁk)(rk) = u£k+l)(rk), k=12 ...,n
ar(k)(rk) = Or(k+1)(l’k), k=12 ..., n. (13)

For a cylinder with closed ends, the axial equilibrium is satisfied by the following
relation:

n Tk
2n Z / o (ryr dr = wrg po. (14)
k=1
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Equations (12)—(14) can give a set of equations to determine unknown constants
A®  B® and axial strairep. The simultaneous equation, for the sandwich pipe
(n = 3) shown in Fig. 2, can be written as follows:

(ki1 k1o kiz kia kis ke kiz | [ AP [di]
ko1 koo ko3 koa kos ke ko7 A® dp
ka1 k32 kaz kas kss ksg ka7 A® d3
ka1 kap kaz kas kas kas ka7 BY | =|ds |, (15)
ksy ks ksz ks4 kss ksg ks7 B®@ ds
ke1 ke2 kes kesa kes kes ker B® dg
| k71 k7o kzz kza kis kie kzz || o | [ d7
where k;; andd; (i,j = 1,...,7) in two conditions ofCSy/C¥ > 0 and

c%)/c) <0, are given in the Appendix.
Once values oA®, B® (k = 1, 2, 3), andg, obtained from equation (15) are
known, the stresses and displacements are thus determined from equations (6)—(11).

3. NUMERICAL RESULTS AND DISCUSSION

A computer procedure based on the above analysis has been incorporated into a
FORTRAN program that allows user input of geometric parameters and material
properties for the core and skin layers and of the internal pressure load. The program
can calculate stress, strain, and deformation of filament-wound sandwich pipes.

The procedure is applied to an example of a composite sandwich pipe with an
isotropic-core layer and orthotropic-skin layers. The configuration notation of the
sandwich pipe is shown in Fig. 2, which has an inner radius of 50 mm, a core-layer
thickness of 20 mm, and a 2 mm skin-layer thickness. In the present study, the first
and third skin layers of the sandwich pipe have the same material, which is based
on a graphite and epoxy composite (AS4/3501-6) [16]. The engineering constants
of (AS4/3501-6) and the isotropic material property for the core layer are given in
Table 1.

Netting analysis is a simplified approach to the design of cylindrical filament-
wound structures under internal pressure loading. Netting analysis assumes that all

Table 1.
Material properties of AS4/3501-6 and resin

Properties AS4/3501-6 Resin (core)
E. (GPa) 138 5.0

E, (GPa) 8.9 2

G, (GPa) 5.17 1.92

Vyx 0.3 0.3

Voy 0.54 4
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Figure 4. Map of optimum winding angles.
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Figure 5. Stress distributions within a sandwich pipe.

strength and stiffness properties are derived from the fibers alone and no forces are
transmitted by resin. The analysis gives the optimum winding angle written as
aopt - tan71 ﬁ (16)
GZ
For a thin-walled pressure cylinder with closed ends, the ratio of hoop-to-axial
stress is equal to two. Using equation (16), the optimal winding amgleequal
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Figure 6. Effect of winding angle on hoop, axial, and radial stress behaviors at inner radius.

to 54.7. In Hull's paper [4], he described the deformation and failure modes in
glass-reinforced polyester pipe wound at.5bhey have tested pipes wound at 55
and have shown that this angle was an optimum winding angle.

With the exception of a thin-walled laminate-ply cylinder, the stress distribution
through the wall of a filament-wound cylinder will not be uniform. The ratio of
hoop-to-axial stress will also vary with the winding angle.

Figure 4 shows the curves ok, = tan(oy/0,)%° given by equation (16)
varying with the winding angles. The optimal winding angles, which are on the
crossings of curves and a straight line, can be obtained from Fig. 4. The optimum
winding angles for the inner and the outer layers are very similar, and the values
have been shown in the range of around.60

The analysis of the sandwich pipe was carried out under the internal pressure of
0.1 GPa. Figure 5 shows the axial, hoop, and radial stress distribution through
the wall of the sandwich pipe with a #4&vinding angle. The values of stress
distributions are larger at the inner radius than at the outer radius. The skin layers
are subjected to higher stresses compared to the core layer. Therefore, it is safe to
predict that the first failure mode for the sandwich pipe will occur on the inner skin
layer.

The hoop, axial, and radial stress curves varying with the winding angles at the
inner and outer radii are shown in Figs 6 and 7, respectively. The hoop and axial
stresses for the thick-walled pipe vary with the winding angle. Both the hoop and
the axis are subjected to tensile stresses, and the difference of stresses between the
hoop and axial directions increases rapidly when the winding angle is greater than
35°. The strain curve in the axial direction and the strain curves in the hoop and
the radial directions varying with the winding angle are shown in Figs 8 and 9,
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Figure 7. Effect of winding angle on hoop, axial, and radial stress behaviors at outer radius.
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Figure 8. Effect of winding angle on axial strain behavior.

respectively. The axial strain of the cylinder under inner pressure must be greater
than zero for the isotropic sandwich pipe. Figure 8 shows that the axial strain is
negative within a 15to 50 range of winding angles because of the effect of the
anisotropic elasticity on the axial strain. This result has also been obtained in other
experiments [6, 7]. Figure 9 shows that the radial strains are larger at the inner than
at the outer radius.

The influence of the core material on the hoop stress wittranvd@ding angle is
shown in Fig. 10. The hoop stress decreases while increasing the modulus of the
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Figure 10. Effect of core stiffness on hoop-stress behavior.
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core layer. The effect of the core material on the hoop stress at the outer radius is
less sensitive than that at the inner radius. The difference of the hoop stress between
the inner and outer radii becomes smaller when the modulus of the core layer is

increased. This is because the core layer material with a high degree of stiffness
intensifies the transfer of the force due to the internal pressure from the inner to

outer layers. The influence of the core material on the hoop stress becomes weak
when the core layer modulus is larger than 20 GPa.
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4. CONCLUSIONS

An analytical procedure is developed to assess stresses and strains of the filament-
wound sandwich pipe due to internal pressure. This procedure is based on the
classical laminated plate theory. The sandwich pipe is considered in 3D analysis and
in an orthotropic-material model. The analytical procedure developed here provides
a basis for describing the elastic behavior of the filament-wound sandwich pipe.

The winding angle of the filaments varies, depending upon geometry and con-
struction materials. The optimum winding angles are obtained from netting analy-
sis, which gives a range of around°6@or the thick-walled laminate-ply sandwich
pipe, a 58-winding angle is no longer an optimum arrangement.

In the analytical results, the axial strain changes from positive to negative with
respect to the winding angle. Because the core layer with a high degree of stiffness
intensifies the connection between the inner and outer layers, both hoop stress and
the difference of stress between the inner and outer layers decrease while increasing
the modulus of the core layer.
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APPENDIX
(1) Whenc /¢ > 0
k= (BOCH + )

1 D\ —pP-1
k14 = <—IB(1)C§_1) + Ci;)l"o b ,

ks — oV ch W]+
17 = m 11 + C3,

k12 = k13 = k15 = k15 = 0,

dy = —po,

ko1 = Vf( . kap=—r1, ko3 =0,

kos = rl_ﬁ Y kos=—1/r1, koe=0,

a(l)rl a(z)rl

k27 = 1 (ﬁ(l))Z — > In ri,

dr, =0,

k31 =0, kap=r>, k3z = —rf(s),

kaa =0, kss=1/ra, kze=—r, e

a(z)l’z a(3)r2
k37= 5 |nr2—7l_(13(3))2,
d3 =0,

@D _
11 = <ﬂ(l)cil) + C(l)) B 1,
kap = —(Ciz) + C(2)>
kag = (_lg(l)cil) +C(1)> _pU_ 1’

kas = —(Cizz) - Cﬁ))/ﬁz,
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kar — L[C(” n C(l)] +c®
YT 1oyl
_a@Inn[C + CF] + @i + 2053
2 b
ka3 = kss =0,
dy =0,
ksy = ksq = O,

ks = C3 +C3.
kg = _(/3<3>C§3> n C(B)) pO-1
kes = (€ — C2) /72

—_g®_
ksg = —(—ﬁ(S)Cf) i C@)) pO-1

a@Inr[Cf7 + C3 ] +a@Ci) + 23
2

o® ©) ) €)
—W[Cn + ClZ] +Cis,

ke1 = ke2 = kea = kes = 0,
3 _
63 = (ﬁ(s)cig) + C(3)> g,

kes ( 5(3>C<3>+C<3>> BB L

a® ) 3 €)
ke7 = m[cn +Cy ] +Ci3,
ds =0,
1 1
o — 2(BVC13 + C53) 1 pwan I Y
71 — 1+ ﬂ(l) 1 o ’

k72 = (Cﬁ) + C(Z))( — 7).
(,3<3)C(3) + C(3)) |:r/3(3>+1 B rﬂ<3)+l]
a 2
1+ 8®

2—pOCE + D)

&
1- 8@
kyg = z(cf; — c@) IN(ra/r1),

73 =

’

D41

k74 = 0

’
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’

( 5(3)C(3) + C(3)) pO1 - pO1
1— ’3(3) Ty )

a® C(l) +C(l)
k7 = |: (_ (/3(1))2 ) + éé)j| (rl2 - rg)

+a®(C + @) [(3Inrz - i) 2 (5 - r2) /4]
a@C + )

+|a®cBr2+ G2 rf) + [ + cé?} (r2 -

— (B®)?

d; = porg.

(2) Whency /c <0

kpy = [_ﬁmcﬁ) sin(8® Inro) + €3 cog(B® In ro)]/ro,

kyg = [ﬂ(l)cﬁ) cogB? Inro) + €3 sin(BY In i’o)]/”o,

o®

_ (1) 1) (@8]
k7 = m[cn +Cy ] +Ci3,
k12 = k13 = k15 = kg,
dy = —po,

ko1 = cog(BP Inry),

koo = —r1,
koa = sin(B™ Inry),
kas = —1/r1,

@ (2
ko7 = lf(ﬁr(i))z o 2rl Inrq,
kaz = ka6 = O,

d, =0,

k31 = k34 =0,

k32 = r2,

ka3 = —cogB?Inry),
kss = 1/rs,

k3g = — Sin(ﬂ(s) In 1’2),
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a@ry a®r,
2 1+ (B®)2

kay = [—IB(DCﬁ) sin(8Y Inry) + €§3 cog P In ”1)]/”1,
kaz = <Ci21) + CQ))
kas = [ﬁ(l)cill) cogBY Inry) + €3 sin(B% In rl)]/rl,

kas = —(Cg) - Cff)/’”f’

ka7 = L[C(D i C(l)] +cly
47 — 1+ (,8(1))2 11
_a(Z) In rl[Cﬁ_) + C;_?] (Z)C(Z) + ZC(Z)
2 b
kaz = ksae = O,
ds =0,
ksy = ksq = O,

ksz = [ﬁ@cﬁ) sin(8®Inr,) — €Y cog ¥ In rz)]/rz,
kss = (C13 — C17) /13,
ksg = — [ﬁ<3> ¥ cogB¥Inry) + € sin(B® In rz)]/l’z,

eI + CB] +a?C + 203
2

e + @]+,

ks7 =

a®

1+ (8O)2
ds =0,

ke1 = ke2 = kea = kes = 0,
kes = [~BPCY sin(B®Inr,) + €3 codB¥ Inr,)]/ra,
ke = [ﬁ@)cﬁ) cogB®Inr,) + €33 sin(8¥ In ra)]/ra,

M)

1+ (B®)?
ds =0,

ker = e +cF]+c8.
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2

=1y

{ﬁ(l) (C%) —~ Cﬁf) [rl sin(B® Inry) — rosin(B® In ro)]
+(C{? BY)? + C%)) [rl cogB? Inry) — rocoq P In ro)] }

k= (C +CR) (5 - D).

_ 2 Y BPE e e
k73 = m{ﬂ( )(C — C13>[Va sin(B® Inr,) — r2sin(® In 1"2)]
+(C£33)(;8(3))2 + C§33)) [ra cogB?Inr,) — r, coff® In 1"2)] }
k74 = m { (C%)(ﬂ(l))z + Cég) [rl sin(ﬂ(l) In rl) —rg sin(ﬁ(l) In ro)]

+ BP (C%) - C§l3)> [rl cogBP Inry) — rocog(BP In ro)] }
kys = 2<c;23> - C{?) IN(ra/r1),
{ (C@ (B + Cé?) [ra sin(B® Inr,)—rzsin(8® In rz)]
+ 8@ (Cg) —~ Cé‘?) [ra cogB®Inr,) — rcof? In rz)]},
o (C(l) M Cm) W |2_ 2
k77 = [ + Ca3 :| (r )

2
k6= 15 (poy

1+ (B)? Lo

v (c + @) [(3inr: ~rinn) 2 (3 )]

05(3) C(S) + C(3)
+ [«®cBr2+ (3 —rf)+[ 1[+ TEE 2l g ez-n).

d; = porg.




